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Hans Rudolf Ott, ETH Zürich

Prelude

orientational order and an icosahedral point group symmetry, inconsistent with translational symmetry or periodicity, the basic symmetry of then known crystalline solids. In
retrospect, this discovery, which was later honoured with a
Nobel Prize, can safely be considered as a milestone in the
physics of solids.

Symmetries, dimensions, order and disorder play an essential role in the physics-based description of nature in general. In this brief overview we shall concentrate on a very
limited range of such aspects in the physics of condensed
matter without considering liquids and so-called liquid crystals. In this essay we also do not consider crystals based on
arrangements of organic molecules and bio-relevant materials, often termed soft matter and films.

Unknown to most and almost coinciding with the submission
date of the paper cited above, Tsutomo Ishimasa and Hans
Ude Nissen of the Laboratorium für Festkörperphysik at ETH
presented an unpublished report on the discovery of a new
ordered state in small Nickel-Chromium (Ni-Cr) particles
at a local meeting in Switzerland [3]. Diffraction patterns of
these particles revealed a twelvefold symmetry axis which,
again, according to conventional wisdom, is not allowed in
translationally periodic crystal structures. Not surprisingly
they immediately submitted an article which eventually got
published in a journal with higher visibility [4] by claiming to
have found a new state of structural order in solids, intermediate between crystalline and amorphous, a crystalloid
as defined earlier by A. L. Mackay [5]. Within a short period
of time, similar observations were reported in the literature.
Probably the first structure model for describing quasicrystals suggested to apply a three dimensional Penrose tiling
model [6, 7]; a number of others followed soon thereafter.

Since the early 20th century, i.e., since the pioneering experiments employing x-ray diffration, inspired and lead by Max
von Laue [1], inorganic solids are considered as three-dimensional (3D) objects, built from regular, translationally periodic, long-range ordered arrangements of atoms or
molecules. Formally, such crystalline objects in the form of
single crystals and polycrystals are structurally described on
the basis of space (Bravais) lattices of different symmetries,
decorated with motives of atomic configurations, again exhibiting various symmetries and kept together by characteristically different bonding interactions. In three dimensions
(3D), fourteen different Bravais lattices, finally resulting in
230 space groups or „structures“ are possible. Another variety of solids, termed amorphous, reveals atomic order on
a short-range scale, of the order of interatomic distances.
This includes so-called glasses which may be considered
as frozen liquids.

Since for many years, students in courses on solid state
physics were instructed that, on simple terms, fivefold and
twelvefold symmetry axes were not allowed in crystals
based on periodic lattices, the cited observations clearly came as a surprise, although quasiperiodic lattices and
quasiperiodic functions had been a topic in mathematics for
some time. The mathematical definition of quasiperiodicity
is due to Harald Bohr [8] who also authored a book entitled
„Almost Periodic Functions“, which first appeared in 1932.
As usual in such cases, the interpretation of the data in [2]
was immediately questioned and for some time it was not
entirely clear whether Quasicrystals (QC), the new term introduced in [6], adopted a really alternative structural form
with respect to crystals. In an early review on the structural
specifics and related theoretical model descriptions which
appeared in 1989 [9], this issue is discussed and it was admitted that most of the respective fundamental questions
were still open. Nevertheless, the physical existence of stable quasicrystals of high quality, even allowing for the observation of defects in the quasiperiodicity, was accepted
as a fact.

Structurally long-range ordered materials are crystalline
solids consisting of pure elements or compounds with well
defined chemical compositions invoking integer numbers of
atoms per formula unit. Alloys, a term usually applied for
metallic materials, are considered as solids for which only
the average chemical composition is defined. This automatically leads to some degree of disorder, both structurally and
chemically. Nevertheless, alloys are well known to play a
major role as materials employed in technical applications.
After World War II, experimental investigations of physical
properties of solids first concentrated on materials in singleand/or polycrystalline form. Only after 1960, solids in other
forms, to be discussed below, received growing attention.

A. Quasi-Crystals
I. Long-range orientational order without translational
symmetry

My interest for quasicrystals was first driven by educational
motives. I thought that in my course on solid state physics,
also the students should learn about the crystallography of
this new form of solids right away. Related to research, a
particular sentence in a critical article in which the two-time
Nobel laureate Linus Pauling [10] made it clear that he didn’t
believe in quasicrystals, caught my eye. It stated: „I point
out that there is no reason to expect these alloys to have

In November 1984, Dan Shechtman and collaborators reported the growth of metallic solids based on alloying Aluminium (Al) with, of the order of 10 to 14%, Manganese (Mn)
[2]. Selected-area electron diffraction on individual grains
resulted in spots claimed to be as sharp as those usually
obtained from crystals but their indexing to any Bravais lattice failed. The recorded spot patterns revealed long-range
2
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unusual physical properties.“ That was an open call for „let’s
find out“ by experiment!

In our effort to investigate physical properties of quasicrystals experimentally, we were, of course, not alone. In accordance with the intention of this series I shall, however,
concentrate on our contributions and refer to important work
of other groups where it seems appropriate.

II. Crystalline, amorphous, quasicrystalline
Naturally, it has to be agreed on when physical properties
may be considered as unusual! One possibility is to use this
notion if physical properties are observed that do not agree
with conventional wisdom or are not yet well established,
both experimentally and theoretically. At the time, quasicrystals were considered by many as structurally intermediate
between regular crystals and amorphous materials. It was
well established that, e.g., the magnitude and temperature
dependences of the thermal conductivity and the specific
heat of the lattice of non-crystalline (amorphous and glassy)
materials, obtained by rapid quenching from the melt, were
different from those of crystalline constitution. The main experimental observations were an excess specific heat Cp(T)
of the lattice at very low temperatures varying linearly with
T instead of the usual T3 dependence due to phonon excitations. Likewise, the thermal conductivity m(T) was found
to vary proportional to T2 below a distinct shoulder or even
plateau in m(T). It also turned out that Cp(T) and m(T), respectively, each adopted values of almost equal magnitude,
regardless of the choice of the material and the qualitative
features were observed to be almost the same in very different amorphous and glassy metals and insulators [11-13]. In
theoretical work it was argued that these observations could
possibly be traced back to the existence of so-called tunneling states, i.e., local excitations due to motions of atoms
between quasi-equilibrium positions in an almost flat energy
landscape [14, 15].

III. Selected physical properties of quasicrystals
III.1. Electrical Conductivity
The first attempt, together with Michael Chernikov, a postdoc at the time, consisted in measurements of the electrical conductivity and magnetoconductivity of icosahedral
Al70Mn9Pd21 with thermodynamically stable single-phase
samples that we synthesized in a tri-arc furnace, followed
by suitable annealing procedures [18]. Figure 1 gives an impression of the morphology of icosahedral microcrystals at
the surface of as-cast material. In zero magnetic field, our
data in some points confirmed the finding of earlier work
on other stable quasicrystals based on alloys containing Al
and d-transition metal elements [19, 20], in particular the
surprisingly low electrical conductivity v(T) of these materials if compared with the corresponding v-values of the constituent metallic elements. Our data could consistently be
interpreted as revealing weak localization including spin-orbit scattering of the itinerant charge carriers, a topic related
to disordered metallic systems [21], and Coulomb interaction effects. In our case, however, the value of the product
kF · l ≈ 0.2, where kF is the Fermi momentum in k-space and
l the electron mean free path, as deduced from parameters
that entered the fits to the v(T) data, was found to be much
below the metallicity threshold and the mentioned concepts
for describing features of disordered metals [21] were therefore not expected to be valid. Indeed, our data capturing the
magnetoconductivity at very low temperatures turned out to
be inconsistent with the relevant predicitions of these theories, seemingly successful in periodic-lattice compounds.
At the time we were unable to identify the reasons for these
obvious inconsistencies.

In collaboration with B. S. Chandrasekhar, an ETH-guest
professor from Case Western University in Cleveland, USA,
we followed this up with the conjecture that also common
alloys prepared using standard metallurgical techniques
should exhibit a similar „glassy“ behaviour because the
non-periodicity is not only due to chemical disorder but also
influenced by positional disorder. The latter can be identified
by defining a particular atomic site by Ri + ei, where Ri is the
regular lattice site of the i-th atom and ei ≠ 0 defines the positional disorder and varies from site to site in direction and
in magnitude, the latter being much smaller than the interatomic distance. The result is a high degeneracy of energetically similar atomic configurations of the positional disorder.
Our experimental results of m(T) of a conventional Ti-V alloy
supported the initial conjecture [16]. With this background
we set out to test quasicrystals with respect to their physical
properties at low temperatures.
It was a lucky coincidence that Hans Ude Nissen, active
and highly competent in crystallography employing various
techniques of electron microscopy, joined my group around
1990. Among his collaborators was Conradin Beeli, a PhD
student devoting his thesis work to investigations concerning the growth of quasicrystals, their structures and models
thereof. In his thesis he covered several of these aspects
including a confrontation of real quasicrystalline structures,
identified by using methods based on electron microscopy,
with then available models [17]. This meant that we could
profit from direct scientific and technical support in regard
with materials’ synthesis and characterization using techniques employing electron microscopy.

Fig. 1: Pentagonal dodecahedra with edge length of 100 μm on the
surface of as-cast Al70Mn9Pd21 (from [17]).
3
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In order to complement the information on the electrical
transport properties of Al70Mn9Pd21 we investigated its optical properties in a broad frequency range, profiting from
the relevant expertise of Leo Degiorgi, also at ETH [22]. In
agreement with earlier work on other icosahedral QC with
different chemical compositions [23], the electrodynamic
response of the material also revealed a very low optical
conductivity in the infrared regime and a substantial absorption in the visible range of the spectrum. In the cited reference [23] it was argued that the high number of reciprocal
lattice vectors allows for a tight match between the Fermi
surface and the respective Bragg planes, thereby creating
pseudogaps in the electronic excitation spectrum and an
enhancement of the effective optical mass, resulting in a
corresponding reduction of the dc conductivity.

Early results of NMR studies on quasicrystals were interpreted as confirming the very low density of electronic
states at the Fermi energy D(EF), mainly indicated again by
specific heat data at low temperatures [27]. With our NMR
experiments, involving Jorge Gavilano, Benno Ambrosini,
Patrik Vonlanthen and later Dominic Rau, we covered the
temperature range between 0.04 and 300 K [28]. Below 100
K, the relaxation rate T1-1(T) is dominated by the Korringa relaxation due to itinerant electrons, indicated by (T1T)-1 = constant. It turns out to be very weak, two orders of magnitude
smaller than for Al metal. The important result of our study
is the observation of a significant increase of (T1T)-1 ~ a T-0.69
with decreasing temperature below 20 K, reflecting an increase of the efficiency of the relaxation mechanism. As
may be seen in Figure 3, the enhancement of (T1T)-1 exhibits no trend to saturation down to 0.04 K. Ruling out a
slowing down of magnetic or electronic fluctuations we argued that the most likely reason for this feature is the onset
of a metal-insulator transition from the metallic side. Hence
the T1(T) data are thought to reflect a gradual real-space
localization which is related to critical electronic states in
quasiperiodic solids. Such states are neither extended nor
fully localized. With increasing localization the frequencies
of the electronic fluctuations gradually shift to lower values,
hence enhancing (T1T)-1. Assuming this interpretation to be
correct, these data provide evidence for the existence of the
theoretically claimed critical electronic states in non-periodic
lattices [29].

III.2. Critical electronic states
Understanding the electronic transport in quasicrystals
requires a proper idea of the behaviour of noninteracting
electrons in quasicrystals. The electronic energy spectrum
can be calculated exactly for 1-dimensional quasicrystals
but cannot be generalized to two or three dimensions [24].
It turns out that in contrast to periodic crystals, true Bloch
states are not allowed in quasicrystals or, in other words, the
electronic eigenstates states are not localized in k-space
and therefore suffer from an intrinsic decay rate implying a
non-zero electrical resistance, even in a perfect quasicrystal. Since the dynamics of itinerant electrons are essential in
the relaxation mechanism related to nuclear magnetic resonance (NMR), we expected that measurements of the NMR
line shift and, in particular, the spin-lattice relaxation time T1
of quasicrystals would provide an experimental access to
relevant information in this respect. For these experiments
we chose another icosahedral species of quasicrystals with
the chemical composition Al70Re8.6Pd21.4, a rather poor metal
[25]. As shown in Figure 2, its electrical conductivity v(T)
varies approximately linearly with T below room temperature, decreasing from 35 X-1cm-1 at 300 K to 5 X-1cm-1 at 4 K.
Below 1 K, v saturates at 1.7 X-1cm-1, corresponding to a resistivity of about 0.6 Xcm. For comparison, the resistivity of
Al at room temperature is 2.8 · 10-6 Xcm. Specific-heat data
obtained for the same material confirm a very low electronic
specific-heat parameter c, of the order of only 1/10 of that of
elemental Al [26].

Fig. 3: (T1T)-1(T) for Al70Re8.6Pd21.4 below 80 K. Above 20 K, the
measurements were done at 5.7 T. Data below 20 K were obtained
at 1.5 T (empty circles) and 6.19 T (filled circles). The horizontal
dotted line reflects the simple Korringa behaviour above 20 K and
the solid line represents the indicated power-law fit.

III.3. Thermal Conductivity
Considering the seemingly universal fact of a very low concentration of itinerant electrons in stable quasicrystals, it
seemed natural to assume that the thermal conductivity of
these materials would be dominated by itinerant lattice excitations, i.e., phonons. Therefore we expected that measurements of this type of transport property would certainly
reflect any anomalous features of the quasiperiodic lattice
of these materials.
Fig. 2: Electrical conductivity σ(T) of two Al-Re-Pd quasicrystals
with slightly different chemical compositions between 0.04 and
295 K.

4

Since no experiments of this type on quasicrystals had been
made at the time we, including Michael and Andrea Bianchi,
a then new PhD student, set out to measure the temperature
dependence of the thermal conductivity m(T) of, again, icosa-
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at distinctly higher temperatures and the absolute value of
mph in the plateau region is distinctly higher than usually observed in insulating and metallic glassy materials.
Meanwhile we also made attempts to dig into some theoretical aspects of the dynamics of quasiperiodic lattices. This
was possible because we got help from P. A. Kalugin of the
Landau Institute in Moscow, a specialist with some expertise in theories of transport properties of quasiperiodic solids
and a visitor of our group for a few months. First, however,
we recall that for the description of a finite thermal conductivity in periodic crystals, Peierls introduced the "Umklapp"
process, reflecting the so-called structural scattering of phonons [32]. As is described in ref. [33], this type of scattering
may be generalized for the case of quasicrystals where the
spectrum of quasilattice modes ~(q) is distinctly different
from that of periodic solids. The difference is elucidated in
figure 5 where the calculated acoustic phonon modes of a
Fibonacci chain of atoms with two different masses linked
by identical couplings is displayed. Note the appearance
of a multitude of gaps, typical for this type of quasiperiodic atomic arrangement. Following the generalization of the
structural-scattering concept to three-dimensional quasicrystals we attempted to establish the consequences of this
scattering invoking the example of phonon-phonon scattering and its role in the interpretation of corresponding experimental data. In the ideal case of close to perfect quasicrystals, structural scattering is expected to be reflected in
mph ? T-3 instead of the exponential temperature dependence if Umklapp processes are the main actor in perfect
periodic crystals in the appropriate temperature regime.
The corresponding scattering cross section, proportional to
~2T4, is responsible for the power-law behaviour in mph(T).
In real quasicrystals, the expected negative slope 2mph/2T
in the Umklapp regime may be weakend, especially if the
corresponding experiments are done on poly-quasicrystals
where a plateau-type feature in m(T) may eventually result
[30]. As mentioned above a regime of m(T) ~ constant is
reminiscent of the universal feature in amorphous materials. For single-grain material, the predicted decrease of mph
with increasing temperature was found to be more distinct,
however [34, 35] and consistent with the concept of gener-

Fig. 4: Quasilattice thermal conductivity mph(T) of Al70Mn9Pd21. The
solid line indicates the power-law fit to the data between 0.35 and
1.6 K. The value of the resulting exponent is 2.06±0.01.

hedral Al70Mn9Pd21. The covered temperature range extended from 0.06 to 110 K and the data revealed both common
features but also distinct differences to results of disordered
and/or amorphous materials cited above [30]. It turned out
that the total thermal conductivity mtot is, across almost the
entire covered temperature regime, an order of magnitude
larger than the expected electronic contribution mel, estimated by application of the Wiedemann-Franz law. Only at
T < 0.1 K, mel reaches 20% of mtot at most. This allowed for
a fairly reliable evaluation of the phonon-based component
mph(T) shown in figure 4. Towards the lower end of the temperature range, i.e., between 0.35 and 1.6 K, mph(T) ~ T2.06,
consistent with the prediction of the tunneling-state model and assuming a continuous density of tunneling states.
The presence of tunneling states in quasicrystals was also
claimed from an analysis of ultrasound data [31] collected
on another sample of quasicrystalline Al-Mn-Pd. It seemed
conceivable that tunneling states in quasicrystals have the
same origin as those observed in crystalline alloys, as mentioned above. Below 0.35 K, mph decreases with increasing
slope, obviously due to an unidentified scattering process
involving phonons with a temperature independent mean
free path. Above 1.6 K the most obvious feature in mph(T) is
a well developed plateau between 25 and 55 K where mph ~
constant, reminiscent of the feature claimed to be typical for
non-crystalline solids. This behaviour is, however, adopted

Fig. 6: The phonon contribution to the thermal conductivity of icosahedral Y8.6Mg34.6Zn56.8 between 0.1 and 300 K. Its decrease with
increasing temperature between 23 and 100 K is ascribed to general Umklapp scattering as explained in the text.

Fig. 5: Phonon-mode frequencies of a Fibonacci chain of 233 atoms with two different masses and a mass ratio of 1.5.
5
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(fig. 7a), the features are again the same as exemplified
above for the overall quasiperiodic lattices. The influence
of the generalized Umklapp scattering is emphasized in the
inset by choosing an expanded vertical scale. Along the periodic direction, however, mph(T) exhibits features that are
well known from periodic-lattice materials with a maximum
around 20 K, marking the transition to Peierls’ Umklapp
scattering with increasing temperature (fig. 7b). The power-law type of variations below 1 K are most likely due to
electron-phonon scattering (fig. 7a, b).

alized Umklapp scattering. Additional mph(T) data probing an
icosahedral single-grain quasicrystal Y8.6Mg34.6Z56.8 between
0.1 and 300 K by Alex Sologubenko and Konrad Gianno,
clearly confirmed the contribution due to generalized Umklapp scattering. As shown in figure 6, it dominates in the
temperature range between 25 and 140 K. Indeed, no clear
evidence for the presence of tunneling states was obtained
and therefore, these states are not necessarily a universal
ingredient of quasicrystals, especially if these are of exceptionally high structural quality [36]. This result may be interpreted as evidence that possible tunneling states are essentially based on imperfections in the atomic arrangements of
the lattice.

III.4. Compressibility
Another physical quantity which is strongly influenced by the
symmetry of the crystal lattice is the compressibility. Early
work [39] using resonant ultrasound spectroscopy (RUS)
[40] had verified the expected [41] overall elastic isotropy of
an icosahedral single-quasicrystalline Al-Cu-Li alloy with a
high level of confidence.

Due to the availability of Al-Cu-Co single-grain decagonal
quasicrystals which share structural properties of solid matter with both periodic and quasiperiodic lattices we, together
with another temporary guest of our group, Keiichi Edagawa
from the ISSP in Tokyo, were able to investigate the thermal
conductivity m(T) of periodic and quasiperiodic features of
the lattice on a single sample along different directions of
Al65Cu20Co15 [37]. The direction of lattice periodicity is along
the decagonal axis and the quasiperiodic arrangement is
in the plane perpendicular to it. With regard to dimensions
it may be noted that in five dimensions the relevant space
group is P105/mmc [38]. The results for mph(T) are shown in
figures 7a and 7b and the direct comparison demonstrates
the difference quite clearly. Along the quasiperiodic direction

Our effort involved the determination of the complete set of
elastic constants cij(T) between 5 and 290 K, also employing
the RUS technique on a decagonal single quasicrystal with
composition Al71Ni16Co13 [42]. The number of independent
elastic moduli cij is five. The experiment was done during
one of my then annual visits to Los Alamos National Laboratory (LANL) and profited very much from the expertise
and help of Albert Migliori and T. W. Darling in employing the
RUS method, not only with respect to the sample holder and
the ultrasound equipment but, in particular, also in applying the special codes for the rather involved data analysis.
Decagonal quasicrystals are expected to exhibit transverse
elastic isotropy, i.e., in the plane with the non-periodic pattern of the atomic configuration. For periodic crystals, intrinsic transverse isotropy is only expected for hexagonal
lattices. It can be identified by calculating two quantities,
As and Ac, both combinations of the individual elastic constants c11, c12 and c66. In case of transverse elastic isotropy,
As = Ac = 1. In figure 8 it may be seen that for our Al-NiCo QC this condition is fullfilled within very narrow margins.
The comparison with reanalyzed RUS data of a hexagonal
NbSi2 single crystal [43] not only emphazises the quality of
the experiment and its analysis but also the high structural
quality of the probed quasicrystalline sample. By using the
advantage of the availability of the complete set of elastic
constants we also calculated the polar anisotropy param-

Fig. 7: Quasilattice thermal conductivity mph(T) of Al65Cu20Co15 along
(a) the quasiperiodic and (b) the periodic direction, respectively.
The solid lines indicate the power-law features in limited temperature ranges.
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Fig. 8: Ac – 1 vs As – 1 for decagonal single-quasicrystalline
Al71Ni16Co13 and hexagonal NbSi2, respectively. The experimental
uncertainties are indicated by boxes.
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eter Pc = c33/c11 = 0.991. This rather unexpected result indicates almost equally strong bonds between atoms in the
quasiperiodic plane and along the periodic direction, hence
resulting in a close to overall elastic isotropy of this decagonal quasicrystal. This type of information is important for
theoretical calculations regarding the stability of quasicrystalline matter.

motion is expected to show up. The experiments turned out
to be very time consuming; establishing a single useful data
point took between 1and 3 days and therefore, the density
of data is rather low.
Our data in the form of 2D NMR spectra and the corresponding temperature dependence of 1/xexch, the latter being plotted in figure 9, provided the first clear evidence of
the phason-type dynamics in quasicrystals in the low-temperature regime extending significantly to below 1 K [51].
The motion, which occurs on a much faster time scale than
expected from an extrapolation of the data obtained for bulk
diffusion above 520 K, persists to the lowest temperatures
and is, contrary to normal diffusion, spatially confined. The
latter is evident from the shape of the 2D NMR spectra and
this observation provides evidence that this motion is indeed a phase-slip induced diffusion via quantum tunneling
below 1 K and thermally activated above (see inset of fig.
9). Details concerning the experiment, the data and their
interpretation, are offered in [51].

III.5. Lattice Dynamics
Theoretically, icosahedral quasicrystalline lattices may be
viewed as periodic crystals in six dimensions (6D). They
allow for two types of excitations, phonons and phasons
in three branches each [41, 44]. Phonons are the usual
collectively propagating lattice waves. Phasons, however,
are local atomic motions or rearrangements which occur
in discontinuous jumps and, in comparison with crystalline
periodic solids, are a specific feature of quasicrystals. The
consequences of this atomic motion are expected to influence the physics of quasicrystals in many respects, such as
phase transitions, lattice stability and internal diffusion. In
common crystals, bulk self-diffusion relies on the existence
of vacancies in the atomic arrangement forming the lattice
and it can be measured with various techniques. However,
for quasicrystals, considering the phason modes, Kalugin
and Katz [45] claimed that bulk diffusion in this case is easier achieved by phason flips rather than moving vacancies.
The resulting anomalous motion may be described by a diffusion coefficient of the form D(T) ~ D0 · exp(-e/kBT) with e as
a usually temperature-dependent activation energy [46, 47].
It is resonable to assume that the activation energy of the
atomic motion due to phason slips is very low and therefore,
this type of motion is expected to dominate the self diffusion
in quasicrystals at very low temperatures. The conventional
diffusion due to vacancy motion, however, is expected to be
of significance only above room temperature. Employing the
usual radiotracer techniques it was shown that at temperatures exceeding 700 K, the diffusion in quasicrystals was
not significantly different from that of crystalline material and
by extension of the covered temperature range to 520 K,
diffusion constants of the order of 10-22 cm2/s were deduced
[48].

Fig. 9: 1/xexch vs T-1 on logarithmic scales; the solid line is to guide
the eye. The inset captures ln(1/xexch) vs T-1 and allows to estimate
the activation energy e that is related to phason motion. The scale
of D(T) assumes an average jump length of 0.1 nm.

III.6. Magnetic properties, specific heat and the stability
of magnetic moments in QC

In order to gain experimental evidence for the quoted
anomalous atomic motion we employed the experimental
approach of two-dimensional Exchange NMR (2D NMR),
probing the 27Al nuclei in Al70Re8.6Pd21.4, the same sample
that was previously investigated in the 1D NMR study of
line shapes and spin-lattice relaxation reported in [28]. Of
great help in performing the new experiment and the data
analysis was Jani Dolinšek from the Josef Stefan Institute at
Ljublijana, visiting our group for a few weeks.

An early study of magnetic properties of quasicrystals was
based on measurements of the magnetic susceptibility and
nuclear magnetic resonance and aimed at comparing the
magnetic behaviour of crystalline and quasicrystalline phases of Al-Mn-Si-Ru alloys. The authors conjectured that the
differences did not so much depend on the symmetry of the
atomic lattices (periodic vs nonperiodic) but rather on the
details of their atomic configuration [52]. In both types of the
lattice, the formation of spin-glass phases were observed
whereby the respective freezing temperatures of the order
of 10 – 20 K of the two lattice species were not distinctly
different.

Relevant technical aspects of 2D exchange NMR measurements are described in [49] and more specific details,
relevant for our case, may be found in [50]. The essential
quantitiy to explore with this technique is the average time
constant xexch for atomic jumps. Its inverse, 1/xexch, may be
interpreted as an average jump rate. The related diffusion
constant is then defined by D = I 2/x exch with l as the elementary jump length of the order of 0.1 nm, i.e., shorter than the
nearest-neighbour distance in the QC structure. The measurements were done in the temperature range between 0.16
and 130 K where the dominance of the phason-slip induced

In our first attempt in this respect and with most valuable
support from our technician Erich Felder, we investigated
the specific heat Cp(T), the magnetic susceptibility |(T) and
the magnetization M(H) at constant temperature of icosahedral Al70Mn9Pd21 [53]. In order to avoid complications in
data interpretations, all experiments were done using the
same sample as in [18]. From Cp(T) measured between
7

SPG Mitteilungen Nr. 57/58

0.06 and 18 K we confirmed a very low value of the density of electronic states at the Fermi energy D(EF), in turn
consistent with a very low density of itinerant charge carriers as expected when considering the above-mentioned
pseudo-gap formation in the electronic excitation spectrum
(see III.1). This evaluation was somewhat hampered by the
presence of a substantial excess specific heat below 8 K,
essentially due to magnetic degrees of freedom related to
the Mn atoms. From plots of the inverse dc susceptibility we
derived a mean effective moment of 1.7 µB/Mn and a Curie-Weiss temperature iCW = -108 K above 50 K, indicating
an antiferromagnetic interaction between the Mn moments.
At lower temperatures, below 4 K, these values are reduced
to 0.47 µB/Mn and -0.54 K. The result of measurements of
the low-field ac magnetic susceptibility revealed a frequency
dependent spin-glass transition in the range of 0.5 to 0.55 K
which, in comparison with the iCW value valid at T > 50 K,
indicates a high degree of magnetic frustration, in spite of
the structural perfectness of the sample. The degree of frustration is much larger than usually observed in canonical
spin glasses established in crystalline alloys. From a detailed discussion of the thermodynamic data we argued that
the transition was entropy driven rather than due to simple
energy considerations.

inferred from data of NMR experiments monitoring the line
width of the 27Al resonances in a 6 T applied magnetic field.
This data indicate a substantial reduction of the transferred
Mn local field at the sites of the 27Al nuclei in this temperature regime. In subsequent experiments discussed below,
no evidence for a spin-glass formation down to 0.1 K was
observed [60].
Naturally we aimed at identifying the cause for this reduction of stable moments. For the two possibilities of either a
Kondo-type screening of moments by itinerant electrons or
a reduction of the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction by a reduction of the conduction-electron concentration due to a localization of the latter, we found no
convincing independent evidence in the available data sets,
however [59]. Extending these measurements to temperatures in the sub-1K regime resulted in yet another surprise
[60]. The above mentioned line-width reduction below Ta
measured again in an external magnetc field of 6 T, was still
observed but abruptly terminated at Tb ~ 2.5 K, where the
line-width value changes back discontinuously to the value
established at 20 K with no further variation down to 0.05 K
(see fig. 10) .This latter feature was found to disappear in
lower external magnetic fields of the order of 2.5 T or less. At
the time we found no convincing explanation for these very
unusual phenomena and I believe this is still the case today.
Neither is it known why the relatively small variation of 2% of
the Mn concentration causes the observed changes in the
magnetic properties of these QC series.

The stability of magnetic ions in a metallic environment has
been a topic of high interest during a long period of time
[54]. Therefore it seemed appropriate that also quasicrystals, although rather bad metals, ought to be investigated in
this respect. Obvious candidates for this type of studies are
alloys with Mn as one of the chemical components, such
as Al-Mn-Pd and Al-Mn-Ge QC. The results of a number of
different studies indicated that, depending on the chemical
composition and the adopted quasicrystalline structure,
paramagnetic-, ferromagnetic-, diamagnetic and spin-glass
type features had been observed. In view of the non-periodicity of the lattice, claims of ferromagnetic order [55] that
extends across the entire QC sample should, as discussed
in [56], be viewed with caution because there were some
experimental indications that not all the Mn ions carry a
magnetic moment.
As described above, our initial experiments in this respect
[53] revealed that in icosahedral Al70Mn9Pd21 effective magnetic moments, of the order of 0.5 µB/Mn survive at very
low temperatures, weakly interacting antiferromagnetically
and adopting a spin-glass ground state. Based on a closer
examination of the data in this work and the conclusions
in a subsequent article of other authors [57] reporting data
obtained from an alloy with a Mn concentration of 9.2 at%,
it turned out that indeed in this type of QC, two magnetically inequivalent Mn sites exist. Somewhat later this view
was supported by theoretical modelling [58]. The majority of
the Mn moments are quenched and a small minority carries
rather large moments, of the order of a few Bohr magnetons. This inequivalence of sites confirms the influence of
differences in the local atomic environments; even the formation of Mn clusters providing rather large moments cannot be ruled out. It was then quite surprising that another
monodomain quasicrystal with a slightly different chemical
composition, Al72.4Pd20.5Mn7.1, revealed qualitatively different
magnetic features [59]. The already small number of Mnions with a non zero moment decreased even more with decreasing temperature below Ta ~ 20 K down to 2 K, as was

Fig. 10: 27Al NMR line width of a single-grain sample of quasicrystalline Al72.4Pd20.5Mn7.1, as a function of temperature, measured in
two different external magnetic fields. The solid lines are to guide
the eye.

Finally we also made use of the fact that quasicrystalline
alloys with identical chemical composition may adopt two
different stable quasicrystalline configurations, depending
on the samples’ thermal treatment. One such example is
the alloy Al69.8Pd12.1Mn18.1 which is stable with both the icosahedral (i) and the decagonal (d) quasicrystalline configuration [61]. The experiments aimed at comparing the stability of the magnetic moments of the Mn ions in both the
quoted materials, again employing 27Al NMR as the probing
method, complemented by measurements of the magnetic
susceptibility, the electrical resistivity and the specific heat
below room temperature [62, 63]. It turned out that in both
8
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cases, the magnetic ground state is of spin-glass type with
freezing temperatures of Tfico = 19 K and Tfdec = 12 K, respectively. The degree of frustration appears to be higher in the
decagonal QC. In the icosahedral QC all the Mn ions carry
a magnetic moment whereas in the decagonal variety this is
true for only about half of them.

electronic transport, especially at low temperatures and in
high magnetic fields are not well understood. This deficit
may well be traced back to the fact that kF · l < 1 and thus
the use of the familiar theoretical concepts is not appropriate. The electronic properties are influenced by critical electronic states which are localized in k-space, strictly different
from the delocalized Bloch states in common metals with
periodic lattice structures. Similarly, the physics of the lattice
involves itinerant and local lattice excitations, termed phonons and phasons. The excitation spectrum of the phonons
is characterized by a large number of gaps which requires a
new approach to Umklapp processes that govern the characteristics of the thermal conductivity. With respect to lattice
statics, experiments have revealed that (i) the compressibility is highly isotropic in icosahedral QC and (ii) transversally
isotropic in decagonal QC, both as expected by considering
the number of independent elastic constants. The influence
of phasons, local, i.e., confined to a spatially limited range,
low-energy excitations, possibly in the form of quantum tunneling, dominates the lattice dynamics at very low temperatures. It exhibits features that are not typical for common
crystalline materials. Magnetic properties are clearly influenced by the non-periodicity of the lattice and the intrinsic
distribution of lattice sites of potentially magnetic ions. The
experimentally verified reduction of the number of stable
magnetic moments is not well understood.

Inspecting the plots of the 27Al NMR signal of the d-QC we
found two distinct lines which directly indicate the inequivalence of the corresponding Al sites and their Mn environment. Because of considerable line broadening this separation was not possible for the i-variety QC. The spectrum for
the d-version, however, consists of a narrow line (I) and a
distinctly broader line (II) which may easily be distinguished.
The most surprising result obtained in this context is the
very anomalous temperature dependence of the spin-lattice
relaxation rate T1-1(T) of line I, i.e., the distinct and magnetic
field independent anomalous hump between 175 and 50 K
shown in figure 11 [62]. With selected area electron diffraction (SAED) we verified that no structural changes occur
between room temperature and 30 K. We conjectured that
the unexpected feature is a consequence of the reduction
of magnetic moments upon decreasing temperature as outlined above. This feature, often observed for the QC considered here, is admittedly not well understood. Indeed, the
evidence of this moment quenching with decreasing temperature in the d-variety of Al69.8Pd12.1Mn18.1 is absent in the
icosahedral quasicrystalline configuration.
In summary, the bulk of experimetal magnetic data suggests
that the stability of Mn-related magnetic moments in these
QC depends crucially on both their position in the quasicrystalline lattice and the related local density of d-electron
states at the Fermi energy Dd(EF) [58].

B. Fractal Solids - Aerogels
I. Introduction
In 1977, the mathematician Benoit B. Mandelbrot, at the
time an IBM staff member and a visiting professor at Harvard University, published the book Fractals: Form, Chance
and Dimension [64] followed by, five years later, The Fractal
Geometry of Nature [65]. Together they constituted a milestone in Mathematics but, as briefly described below, the
concept of fractals soon also reached out into the physics
of solids. Initially, the number of publications on the connection between the concept of fractals and real materials was
rapidly growing in theoretical physics. Experiments caught
on when it was realized that random structures often exhibit fractal geometry in terms of the mass scaling exponent
D, the fractal dimension [66]. For our purposes we recall
that for common bulk crystalline solids the mass inside a
sphere is M(r) ~ rd and d = 3. For fractal structures, however, M(r) ~ rD with the fractal (or Hausdorff) dimension D ≤ d,
not depending on r but implying some kind of order in an
apparently disordered structure. It also means that if D < 3,
large fractal objects exhibit a low density, decreasing with
increasing r. The use of generalized dimensions is an important ingredient of these disordered systems.

Fig. 11: Spin-lattice relaxation rate T1-1(T) for the narrow line I of
the NMR spectrum of the d-version of Al69.8Pd12.1Mn18.1 between 25
and 250 K (see text).

IV. Summary
Summarizing this chapter it may be stated that quasicrystallinity is an established alternative form of matter in the
solid state whose structural characteristics require a broader view on crystallography by considering lattices that are
periodic in higher dimensions. Quasicrystals are mostly alloys with structure-induced poor metallicity. Details of the
9

An example of materials with random structures are aerogels, porous networks of SiO2 particles. The porosity and
hence the density depends strongly on the chosen process
of synthesis. Their respective macroscopic mass densities
are much lower than that of common amorphous glass
(a-SiO2) and their structural characteristics as aggregated
clusters result in very large internal surfaces. The first synthesis of an aerogel was published by Kistler in 1931 [67],
without raising much interest for investigating their, in hind-
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sight, particular physical properties, both theoretically and
experimentally.
The connection to Mandelbrot’s work was established by
considering that aerogels grow by random aggregation of
particles and therefore end up as disordered, i.e., non-crystalline solids in the sense outlined in chapter A. A theoretical
modelling of this type of growth processes was attempted
by Witten and Sander, assuming a diffusion-limited aggregation (DLA) [68, 69]. Simulations on the basis of this model resulted in demonstrating that such aggregates assume
fractal or, in other words, self-similar properties. Soon thereafter, Alexander and Orbach coined the term fractons [70],
related with the notion of the density of states of modes of
excitations of fractals. It didn’t take long until experimentalists recognized the opportunities for experimental verifications of the predicted properties of this new type of model
materials.
Because of the structural characteristics of these aerogels
it is expected that for describing physical properties that depend on the structural configuration and related excitations,
it is required to distinguish different length scales in the
probed samples [66]. The smallest length scale, a, relates to
the size of the individual a-SiO2 particles which, by aggregation, form fractals, the backbone of the structure, extending
over the medium length scale of the order of the fractals’
correlation length p. On the largest length scale, fixed by
the size of the sample, the material may be regarded as a
homogenous entity. Its fractal character or self-similarity is
thus spatially restricted to the range between a and p. The
description of the lattice excitations hence varies and one
distinguishes, with decreasing length scale, between phonons, fractons and particle modes, whereby fractons are
highly localized vibrational modes of the fractal entities. The
expected dynamical behaviour of fractal networks and the
meaning of the various considered dimensions is discussed
in detail in [66].

Fig. 12: Aerogel sample mounted in the calorimeter that allowed
to extract data of both the speciific heat Cp(T) and the thermal
conductivity m(T) with a single measurement employing a dynamic
technique.

set out to identify possible links between the claimed fractal
structure and selected physical properties of these solids.
Complementary to the above mentioned efforts to uncover
the length-scale dependent structural and vibrational properties of aerogels by performing experiments employing
various types of scattering methods, we concentrated on
measurements of thermal properties, such as the temperature dependences of the specific heat Cp(T) and the thermal
conductivity m(T). Since aerogels are electrical insulators,
both these quantities are determined by structural excitations. As will be seen below, the really interesting temperature regime for our purposes is below 20 K and reaches
down to below 0.1 K. The actors in this endeavour were
Tycho Sleator, a post-doc from UC Berkeley, Angelo Bernasconi, a new doctoral student, and Dorte Posselt, a guest
PhD-student from Risø National Laboratory in Denmark.

Early attempts to experimentally verify the fractal nature of
the structural network of aerogels and its vibrational properties and to deduce corresponding characteristic dimensions
were based on employing scattering techniques such as
small-angle scattering of X-rays (SAXS) [71] and of neutrons (SANS) [72], complemented by Brillouin and Raman
scattering of light [73, 74] and other techniques [75]. An early review [76] summarizes the results and concludes that different methods confirm that the identified mass-fractal structure of aerogels is reflected in their vibrational properties. In
particular, the experimental evidence for the crossover from
phonon to fracton behaviour is emphasized. The character
of the vibrational modes is also expected to change when
their wavelength gets shorter than the size a of the individual particles via a crossover from the fracton to the particle
regime. Experimental evidence for this was obtained from
inelastic neutron scattering data [77, 78].

Although we were quite experienced in this type of measurements, some new problems had to be solved. First of
all, this type of measurements in principle requires an efficient thermalization of the sample after externally imposed
temperature variations. Since, due to the high porosity of
the material, the internal thermal conductivity of aerogels is
extremely low, this is not easy to achieve. The situation is
aggravated because also thermal contacts to aerogels are,
by nature of the material, rather weak and special measures in this regard were necessary. The general set-up of
the samples that was used for all the measurements of the
thermal properties described below is shown in figure 12. A
particularly ugly fact that strongly influences the Cp(T) data
are remnants of unwanted impurities attached to the huge

II. Thermal properties of aerogels
As outlined in chapter A, our group at ETH Zürich was partly
involved in experimental investigations of quasicrystals at
about the time when aerogels and their expected specific
structural and dynamic properties caught the attention of
theorists and, subsequently, experimentalists. Therefore it
seems natural that we also got interested in this topic and
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peratures. The model on which the method is based and its
physical realization are described in [80]. The comparison of
data obtained from measurements probing samples of substantially different geometrical shapes and sizes confirmed
that this dynamic method provides reliable data, also at very
low temperatures. All samples measured were base-catalyzed Silica aerogels with different mass densities between
0.145 (low-density LD) and 0.275 (high-density HD) g/cm3,
and were provided by Airglass AB, Staffanstorp, Sweden. In
order to remove unwanted synthesis-specific organic molecules from the inner surface which might add additional
vibrational degrees of freedom, the samples were oxidized
at elevated temperatures in an oxygen atmosphere. The
samples were also characterized by additional experiments
involving measurements of SANS, reported in detail in [81]
and, with the help of R. Vacher, P. Xhonneux and E. Courtens at the IBM Laboratory in Rüschlikon, Brillouin scattering (BS) employing the same type of data analysis as is
described in [82]. Yet, with the help of J. Gross and J. Fricke
at the University of Würzburg, an additional set of data on
the sound velocities was obtained employing a puls-echo
method described in [83].

Fig. 13: Low-temperature specific heat Cp(T) of a low-density (LD)
aerogel sample under various conditions in comparison with bulk
amorphous SiO2.

As an example, the SANS data for our samples are shown
in figure 15. It may be seen that the SANS spectra of the
samples with different mass densities exhibit structural similarities within a restricted length-scale regime and from the
usual analysis of such data, a fractal dimension of D = 2.2 ±
0.2 was deduced. With respect to the size of the individual
a-SiO2 particles, assuming them to adopt a spherical shape,
their radius is estimated to adopt a value r ≈ 20 Å. These
data imply that the coherence length p increases with decreasing density, from 210 Å in the high-density (HD) sample to 310 Å in the low-density (LD) material. The analysis
of the BS measurements delivers the crossover frequencies
~p and by setting ~p = kBTp , the crossover temperatures Tp.
Both quantities increase with increasing density.

inner surface of aerogels, usually in the form of gases. This
is exemplified in figure 13 where the influence of remnant
hydrogen adsorbed on the inner surface of the sample on
the low-temperature specific heat is demonstrated [79]. This
also means that precooling the sample to low temperatures
with the use of exchange gas is strictly prohibited. Therefore
the precooling procedure took up to a week, a rather annoying situation. On the other hand, figure 14 demonstrates that
the same types of adsorbants have no significant influence
on the thermal conductivity.
Eventually all these problems were solved. The major contribution was the implementation of a dynamic method with
which both the specific heat and the thermal conductivity
could be extracted in one experiment at the chosen tem-

Usually the characteristic physical properties of aerogels are
not compared with those of crystalline quartz (c-SiO2) but
rather with those of a-SiO2. An early comparison of this sort

Fig. 14: Low-temperature thermal conductivity m(T) of an LD aerogel sample under various conditions.
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Fig. 15: SANS data on an absolute scale for base-catalyzed aerogels with 3 different densitities.
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was made with respect to thermal properties of base-catalyzed aerogels by De Goer and coworkers who concluded
that speciific heat and thermal conductivity of aerogels are
significantly different, both qualitatively and quantitatively, from those of bulk glassy materials, especially in the
low-temperature regime at and below 1 K [84, 85]. Our results discussed below generally confirmed their findings but
also provided additional important information, in particular
with regard to verifications of theoretical-model predictions.
Indeed, from our data we note that the usual concomitance
of a linear-in-T variation of Cp and a T2 dependence of m in
the same low-temperature regime is not observed in aerogels [86].
The main aim of our own contribution to this research was to
cover the entire temperature range that would allow to map
all three structural regimes mentioned above and to study
the specifics of the transition regions around the length
scales p and a. This implied that we had to extend the lower
limit of the covered temperature regime to at least 0.05 K.
As mentioned above it suffices to concentrate on data up to
20 K. A detailed discussion of theoretical aspects of identifying the vibrational properties of these three regimes is
given in [87].

Fig. 16: Cp/T3 of aerogels with 3 different densities at low temperatures on logarithmic scales in comparison with bulk a-SiO2 [11,88].
For the understanding of the horizontal lines indicating the respective Debye limits see text.

II.1. Specific heat

the Debye temperature, the prefactor A in CD(T) = A × T3 depends on the mass density and the weight-averaged sound
velocity vs. The horizotal lines at the left margin of figure 16
indicate the respective calculated values from experimental
values of t and vs, starting from the top, for the LD, MD, HD
and bulk a-SiO2 material, respectively. For a-SiO2 we note
the onset of extra specific heat above the Debye limit below
2 K which varies linearly with T and is commonly attributed
to excitations due to two-level systems as mentioned at the
beginning of chapter A.II. above. This situation is clearly different in the case of the studied aerogels where, with the
exception of the high-density (HD) material, the Cp/T3 ratio
in the covered temperature range (T > 55 mK) is distinctly
less than the calculated Debye limit. This in turn means that

The specific heat at constant volume Cv of a solid depends
only on the density g(~) of active excitations which, in our
case, is the density of vibrational states. In the temperature
range of interest here, the directly accessible specific heat
Cp(T) is practically identical with Cv(T). Hence, our data allow for a direct experimental check of different theoretical
proposals of g(~) in the different regimes of phonon-, fracton- and particle modes. Phonons may be regarded as collective modes of the network formed by the fractal clusters of
spherical shape with wavelengths m > p. The corresponding
density of phonon states (DOS) is, as usual, g(~) ~ ~2. The
vibration frequencies of fractons ~ > ~p ~ vs/p extend up to a
u
cutoff frequency ~F. The related DOS g (~) + ~ d , with du as
the spectral dimension [70]. The particle modes are, obviously, internal modes of the small amorphous SiO2 particles.
It is this small size which complicates the relevant DOS for
which both a bulk Debye-type ~2 and a surface-type term ~
~ need to be considered [78, 88].
Figure 16 shows the temperature dependence of the specific heats in the form of Cp/T3 of all three samples with low
(LD)- medium (MD)- and high (HD) mass density, respectively. For comparison also Cp(T) data obtained for a-SiO2
[11, 89] is shown. Most obvious is the order of magnitude
difference between the two types of material, nota bene with
the same chemical composition, below 1 K. This indicates
that in this temperature range, the density of excitations
must be much higher in aerogels than in the common glassy
form of SiO2. The above mentioned oxidation procedure is
indeed effective in significantly removing extra specific heat
as exemplified for the low-density material. We note that in
the temperature range between 0.45 and 6 K, Cp(T) obviously doesn’t depend significantly on the mass densitiy t of
the material.
Plotting Cp/T3 is chosen in order to emphasize the deviation
of the specific heat from the expected Debye-type behaviour with increasing temperature. For T << iD where iD is

Fig. 17: Cp/T vs T between 0.05 and 0.7 K for LD and HD aerogel
samples. The horizontal solid line emphasizes the near temperature independence of the Cp/T ratio for the HD material between
0.15 and 0.7 K.
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the Debye temperatures are very low. For the HD material
we estimate iD = 18 K. The same figure reveals an important difference between the HD and the LD material. At the
lowest measured temperature the specific heat of the LD
material is almost 2 orders of magnitude smaller than the
respective Debye limit while at the same temperature this
limit is almost reached for the HD material. Therefore the
HD data for both Cp(T) and m(T) is well suited to monitor the
cross-over regime from phonons to fractons. The LD data,
however, serve to cover the entire fracton regime.

vary with t. For the LD and HD material, respectively, the
former adopts values of 0.10 K and 0.37 K while the latter
is found to be 1.11 and 1.21. Thus it turns out that the fracton-phonon crossover may be identified for the HD material
but not quite so for the LD material.

The Cp/T ratios of the LD and the HD aerogel for T < 0.7 K
are plotted in figure 17. It may be seen that in this regime,
the oxidation procedure does not influence Cp of the LD
material. The horizontal solid line emphasises that between
0.15 and 0.7 K, the Cp/T ratio of the HD material is close to
constant. It is obvious that, at the lowest temperatures, the
T-dependence of specific heat and hence g(~) in the crossover region, depends on the mass density. As demonstrated
in figure 18, our data are consistent with a discontinuity of
the DOS at the crossover, a feature that, on the basis of
theoretical arguments and numerical calculations, is to be
expected [90-92]. In some cases this claim found no support from other numerical calculations and experiment [83,
93-94] and therefore was seriously questioned. However,
as shown in figure 18, fits with continuously varying g(~)
turned out to fail in reproducing the here presented experimental data. The respective successful fits provide numerical values for the parameters Tp and du . Both parameters

Contrary to the specific heat data, the experimental values
of m(T) are not affected by the oxidation procedure. In the
main frame of figure 19, m(T) data for the aerogel samples
with different densities are plotted on logarithmic scales.
For comparison, the inset shows analogous data for bulk
a-SiO2. Both qualitative and quantitative differences between the two types of materials may be identified. Most obvious is the much lower, by between two and three orders of
magnitude, thermal conductivity of the aerogels in comparison with glassy material in the covered temperature range.
Moreover, the typical plateau in m(T) of a-SiO2 between 2
and 10 K is clearly not observed in aerogels in the temperature regime of interest, confirming that simply assuming
the scattering of phonons at two-level systems (or tunneling
states) is not sufficient to explain the overall features of m(T)
of the latter. The gradual flattening of m(T) with deceasing
temperature is, for the HD material, followed by a distinct
slope change below 0.13 K. This feature turns out to be related to the crossover from the fracton to the phonon regime
as reflected in the HD Cp(T) data. Likewise the LD m(T) data
indicates that for the observation of the analogous feature of
this material, the measurements would have to be extended
to lower temperatures.

The high-temperature (T > 1 K) features of Cp(T) are described in detail in [88].
II.2. Thermal conductivity

II.2.1. High temperatures
At high temperatures the power-law feature of m(T) is qualitatively the same for all three samples but the temperature
where the deviation from the power-law behaviour sets in,
as marked by arrows, increases with increasing density. As
explained in detail in [88], this onset of slope change reflects, with increasing temperature, the crossover from the
fracton to the particle regime. In general, the total thermal
conductivity consists of three components
m tot (T) = m ph (T) + m fr (T) + m aerogel
(T)
par
whereby each component is dominant in a restricted temperature range. At high temperatures the short wavelength
particle modes dominate while at the lowest temperatures
the excitations are simply phonons. In between, the new
type of excitations termed fractons may be identified as explained below.
As mentioned above, the slope of mtot(T) above 8 K is the
same for all the measured samples with different densities
and therefore must reflect the intrinsic properties of the material, i.e., a-SiO2, via the particle modes. Since the basic
particles are connected at singular points, this contribution
(T) = m am $ z , where mam is the thermal
is given by m aerogel
par
conductivity of a-SiO2 and z ≤ 1. The latter depends on the
structure and the resulting connectivity between particles.
Thus the parameter z may be understood as the aver-

Fig. 18: (a) Cp/T vs T between 0.05 and 0.7 K for an HD (open
circles) and a LD (filled circles) aerogel, respectively. The best fits,
i.e., solid line for HD and dash-dotted line for LD in frame (a) are
achieved with g(~) represented by the same characteristic lines
in frame (b). The broken lines demonstrate that a continuous g(~)
cannot fit the HD data shown in (a). The dotted line in (b) represents g(~) that fits the data (not shown in (a)) obtained for the
sample with t = 0.19 g/cm3.
13
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Fig. 19: The thermal conductivity m(T) of SiO2 aerogels with different densities. The 3 parallel solid straight lines at elevated
temperatures reveal that in this T-regime the variation of m with
temperature is the same for all samples. The inset shows m(T) for
bulk a-SiO2. The arrows mark the onset of the deviations from the
universal power-law type of behaviour.

Fig. 20: m(T) between 0.05 and 0.7 K of the HD- and the LD aerogel sample, respectively. The solid-line fits are explained in detail
in [88].

straight lines that fit the data, values for the characteristic
length p of fractal clusters can be obtained. The resulting
values for the HD and LD material are 370 ± 30 and 1030
± 90 Å, respectively, larger than those evaluated from the
SANS data, cited above. A similar observation was reported
in [82], where p values evaluated from BS data were about
5 times larger than those obtained from SANS data of the
same material. As demonstrated in [95], the here quoted
larger values are consistent with evaluations of Tp invoking
the experimental data for vs.

age density of connection points in a plane perpendicular
to the heat flow. Considering the size of the single amporphous particles, it is realistic to assume that the mean
free path is given by the diameter a of the assumed spherical SiO2 particles of the order of 20 to 40 Å. In this case
m aerogel
(T) = 13 y a $ a $ t a $ Ca (T) $ z [95]. The resulting simple
par
(T) and Ca(T) is experimentally verrelation between m aerogel
par
ified in [95].
It should be noted that in the range between 5 and 10 K,
where m(T) of bulk a-SiO2 exhibits the notorious plateau
(T) and hence also
shown in the inset of figure 19, m aerogel
par
mam varies significantly with temperature. This observation
makes theoretical arguments [96, 97] to relate the plateau
in bulk amorphous materials with fractal features at very low
length scales (< 40 Å) of the latter questionable.

III. Summary and Concluding Comment
The studies of thermal properties of aerogels described
above resulted in the experimental verification of three
different temperature regimes where different contributing
structural excitations are dominating. These are, with decreasing temperature, the particle-, the fracton- and the
phonon mode regimes. Especially the new, theory-based
introduction of the fracton concept is well justified and supported by experimental observations.

II.2.2. Low temperatures
In [95] it is demonstrated that mtot(T) decreases strictly linearly with T below 3 K down to well below 1 K. Theoretically it has been shown [98, 99] that the sum of the phonon and fracton contributions to mtot(T) may be written as
mph,fr = A + B · T. The phonon modes are saturated above the
crossover and responsible for the temperature independent
contribution A. Due to the anharmonic interaction between
the phonons and the localized fractons, the fractons gain
motion via hopping and thus contribute to the transport of
energy. For our purposes, data for mtot(T) of the HD and LD
aerogels, respectively below 0.7 K are shown in figure 20.
At the low end of the temperature regime, the features of the
HD- and the LD material differ significantly. The clear drop of
mtot(T) of the HD sample reflects the fracton-phonon crossover. No similar drop occurs for the LD sample, supporting the above-discussed interpretation of the specific-heat
data and confirming that T pLD < T pHD and therefore, the phonon-dominated regime is not accessed in this case. From the

It is at least amusing if not satisfying to see that a milestone
in mathematics can be at the basis of vigorous theoretical
and experimental activities in the physics of solids, involving a somewhat unusual type of material that might have
remained largely unnoticed without the motivation from an
unexpected direction.

C. Epilogue
In retrospect, the 20 years between 1980 and 2000 are, with
respect to materials-driven solid-state physics, really remarkable. The essay in [100] covers the period where electronic many-body phenomena, notoriously difficult to handle
theoretically, were investigated in many respects, profiting
from the availability of new materials and from existing and
14
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new developments of appropriate theoretical concepts. It
includes the developments in the areas of unconventional
superconductivity of compounds exhibiting enhanced paramagnetism and/or magnetic order, unusual inhomogeneities in the subsystem of strongly interacting conduction electrons in selected metallic compounds and the discovery of
superconductivity at elevated temperatures in oxides. What
is outlined in sections A and B above are new aspects related with the structural specifics of unusual materials which
exhibit unexpected physical properties whose theoretical
modeling or description required, at least partly, the development of new theoretical concepts and mathematical tools.
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