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Milestones in Physics (17)
On the Evolution of Black Hole Physics
Norbert Straumann, Physik-Institut, Universität Zürich
The extended history of black hole physics began with
Schwarzschild’s surprising discovery of an exact spherically
symmetric solution of Einstein’s vacuum equations, shortly after Einstein had completed the foundations of general
relativity (GR). Because of an apparent singularity of this
solution relativists did not fully understand it until after Einstein’s death. This is the main reason that the formation of
black holes in gravitational collapse was not addressed until
the 1960s, apart of one very important exception. In 1939
Oppenheimer and Snyder studied in the framework of GR
the relativistic collapse of a spherically symmetric dust cloud
and found an exact interior solution of the idealized star that
could be matched to the exterior Schwarzschild solution. In
their paper they describe crucial aspects of the collapse to
a black hole, but because of the apparent Schwarzschild
singularity a full understanding came only many years later.
The situation changed radically with an amazing chain of
important astronomical discoveries in the 1960s and 1970s,
and important theoretical work. Despite of these developments, ”many who rejected black holes in the 1970s as conceptually absurd remain hard-core skeptics today” (W. Israel in 1997). At present this circle has become rather small
because of great recent developments in the field as we
shall discuss in this article.

this solution he derived the precession of the perihelion of
Mercury and the bending of light rays near the sun. Einstein
had calculated these effects previously by solving the field
equations in post-Newtonian approximation.
Einstein was thrilled when he received Schwarzschilds discovery and replied: ”I would not have expected that the exact
solution to the problem could be formulated so simply” [1].
Schwarzschild’s solution is analytically indeed very simple:
dr 2
ds 2 = - c 2 a 1 - 2rm k dt 2 +
+ r 2 (dj 2 + sin 2 jd{ 2), (1)
1 - 2m /r
where m is at this stage a constant of integration. This metric has an apparent singularity for r = 2m. This was alarming
for Schwarzschild and Einstein. Since the metric coefficient
proportional to dr2 is only positive for r > 2m they concluded
that the solution could only be used there.
It was therefore satisfying for both, when a few weeks later
Schwarzschild sent another paper to Einstein from the Russian front on a solution inside the star for a simple model
(constant matter density) [2]. The circumference of this extreme compact star turned out to be larger than that of the
apparent singularity of his vacuum solution. This seemed
to indicate that the disturbing singularity did not exist in the
real world.
For the combined solution the constant 2m was fixed by the
Newtonian limit at large distances:
2m = RS : = 2 GM
c2

( 2)

(G is Newton’s constant, c the velocity of light and M the
mass of the star), soon called the Schwarzschild radius. This
attitude of Einstein (and others) is reflected, for instance, in a
paper in 1939 [6], in which he claimed to provide ”a clear understanding as to why these ’Schwarzschild singularities’ do
not exist in physical reality.” His argument was based on a
simple spherical cluster model of stars, all of which move on
circular orbits. The simple solution of Einstein’s field equations showed that when the circumference of the spherical
cluster is smaller than 3/2 of the Schwarzschild ’singularity’,
then the velocity of the outer stars would exceed the speed
of light, which is impossible. While the mathematics of the
paper is all right, this is no argument against the existence
of what we call black holes. It just shows that then no equilibrium is possible for the cluster and it has to collapse.

Schwarzschild black holes
The solution of Einstein’s field equations, which describes
the field outside of a spherically symmetric mass distribution, was found by Karl Schwarzschild only two months after
Einstein published his field equations. Schwarzschild performed this work under rather unusual conditions. In spring
and summer 1915 he was assigned to the eastern front.
There he came down with an infectious disease and in the
fall of 1915 he returned seriously ill to Germany. He died only
a few months later, on May 11, 1916. In this short period of
time, he wrote three significant papers, in spite of his illness.
One of these dealt with the Stark effect in the Bohr-Sommerfeld theory, and in another he solved Einstein’s vacuum
field equations for a static, spherically symmetric field. From

The apparent Schwarzschild singularity as an event horizon
It took a long time until relativists understood that what was
called the Schwarzschild singularity is actually a coordinate
singularity 1. Merely Schwarzschild’s coordinates fail to
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1 It has been almost completely overlooked that Lemaître showed
already in 1933 in his important paper [3], Sect 11, that the Schwarzschild
singularity is spurious. In his words: ”The singularity of the Schwarzschild
field is thus a fictitious singularity”. He showed this by transforming the
standard form of the metric to new coordinates which are defined by a
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Oppenheimer-Snyder collapse
In the same year 1939 of Einstein’s argument against black
holes, J. Robert Oppenheimer and his student Hartland
Snyder (OS) investigated for the first time the gravitational
collapse of a simplified stellar model [7]. In spite of the highly idealized collapse scenario, with uniform density and zero
pressure (dust), it illustrates many generic features of gravitational collapse and black hole formation, a true milestone.
Since the solution is analytic it is simple to work out all aspects and develop a detailed understanding of the problem.
From the generalized Birkhoff theorem we already know the
exterior solution. The interior solution of the OS-collapse is
given by a metric which is familiar from Friedmann’s closed
cosmological solution, for which the scale factor R(x) satisfies the Friedmann equation, and the density of matter is
proportional to R−3(x). The dust particles in the star follow
radial geodesics for the Friedmann metric and can easily
be determined by integration (see Fig. 3). In particular, the
motion of the surface is given in parametric form by

properly cover the spacetime region where Schwarzschild’s
radial coordinate r approaches RS. (This coordinate singularity is similar to the fact that the polar angles of a sphere
become useless on the north pole.) The Schwarzschild
sphere is nevertheless of crucial physical significance. It
turns out – as we shall see – that it is an event horizon, a
most important concept of black hole physics.
The original solution (1) can be regularly extended to a larger spacetime, as was most clearly discussed in 1960 in an
influential paper by J. B. Kruskal, but other authors also contributed to the new insight. The Kruskal extension, covered
by two coordinates u,v, beside the usual two angular coordinates, is maximal, which means that every geodesic can
either be extended to arbitraryly large values of the affine
parameter, or it runs into a real singularity on the surface
v2 − u2 = 1 for a finite value of this parameter. The causal relationships in the Schwarzschild-Kruskal manifold are quite
transparent. For instance, any particle which passes through
the Schwarzschild sphere must run into a singularity within
a finite proper time. No return is possible. Even light will
end up there. In this sense the ”dangerous” Schwarzschild
sphere is an event horizon, a kind of one-way membrane.
On the basis of simple calculations, the situation is in all
modern text books on GR (for instance in [4] and [5]) described in a figure, known as the Kruskal-Szekeres diagram.
Part of this is shown for the vacuum field outside a spherically symmetric collapsing star in Fig. 2. The fact that the
gravitational field outside the collapsing star is a domain of
the Schwarzschild-Kruskal solution is known as the generalized Birkhoff theorem. This may not be too surprising, because the electromagnetic field outside a time dependent
spherical charge distribution is time-independent, and equal
to the Coulomb field of the total charge.



































Figure 2: Spherically symmetric collapse in Kruskal coordinates.
Behind the dashed horizon the star becomes invisible for a distant
observer. (Matching coordinates inside the star are not specified.)

congruence of freely falling test particles in radial directions, that became
known in 1964 as Novikov coordinates. If Lemaître’s insight would have
been known, the history of black hole physics would have been different,
because the apparent singularity would have soon be understood as an
event horizon.

R 30 l1/2
(h + sin h),
8M

( 3)

Event horizon, trapped surfaces and apparent horizon
For the OS-collapse one can explicitly explain and determine the following concepts. The event horizon is by definition formed by the boundary of outgoing light rays that
do not reach a distant observer. In our case it is obviously
generated by those null rays that intersect the surface of
the star just when the surface crosses R = 2M (see Fig. 4).
With the explicit knowledge of the interior metric it is easy
to determine the event horizon trajectory inside the star, as
indicated in Fig. 4. We emphasize at this point that the event
horizon is a global concept; the entire spacetime has to be
known in order to determine its position, which is rarely the
case.





x=b

where x is the proper time and R0 the value of the radial area coordinate when the star begins to collapse, and
the parameter h varies from 0 to r. Of interest is the
proper time at which a shell initially reaches R = 2M. One
easily finds from (3) for the corresponding h-parameter
h 2M = cos -1 [(4M/R0) - 1] .
More difficult is the
question of how the
two solutions match.
It turns out that a
smooth matching can
be achieved for zero
pressure. This would,
for example, not be
possible for a uniform
nonzero pressure. In
that case the infinite
pressure
gradient
at the star’s surface
would blow off the
outer layers of the the Figure 3: Worldlines of dust shells in
star, and would send the OS-collapse. They all reach the sina rarefaction wave gularity at the same proper time.
propagating
inward
toward the center.





R = 1 R0 (1 + cos h),
2
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For this reason the
so-called
apparent
horizon, which is
determined from a
knowledge of the local
spacetime geometry
is important. To define it, we first introduce the concept of a
trapped region, which
is the set of all spacetime points for which
an outgoing bundle of
null rays locally converges, i.e., its cross Figure 4: Qualitative evolution of the relsectional area instan- evant surfaces in the collapse of a dust
taneously decreases. sphere. The apparent horizon, which is
The apparent horizon the outer boundary of the trapped reis the outer boundary gion, appears when the event horizon
of the trapped region. reaches the surface of the star at the
One can show that Schwarzschild radius 2M.
whenever an apparent horizon has been formed, the event horizon of which is
on or strictly outside the apparent horizon.
For the OS-solution the trapped region is shown in Fig. 4.
Note that the apparent horizon first appears at the value h2M
given earlier. It stays there and coincides with the event horizon. This is, however, not a generic property. For instance,
in the case of a perfect fluid the apparent horizon is produced earlier.
Distant
astronomer

Singularity 


ualized in Kruskal coordinates as shown in Fig. 2. In Fig.
5 we show a more detailed picture of the same process in
so-called Eddington-Finkelstein coordinates (defined in all
GR-textbooks). From these two figures we may draw the
following conclusions:
1. Equilibrium is no longer possible when the stellar radius becomes smaller than the radius of the event horizon, since the world lines of the stellar surface must lie
inside the light cones. In fact, physical conditions on
the equations of state for the collapsing matter imply
that the pressure inside the star will diverge already for
radii strictly larger than that of the event horizon (see
[5], Sect. 7.9.3, Eq. (7.108)). Collapse to a singularity
cannot be avoided. At some point in the vicinity of the
singularity, GR will probably no longer be valid, since
quantum effects will become important. (Unfortunately,
we are still far away from a synthesis of GR with quantum theory.)
2. If a signal is emitted from inside the event horizon, it
will not reach a distant observer. The stellar matter is
literally cut off from the outside world. Also light rays will
approach the singularity. Thus, the event horizon is the
boundary of the region which is causally connected to a
distant observer. It is defined in general by this property. The horizon acts like a one-way membrane through
which energy and information can pass to the interior,
but not to the exterior. The existence of event horizons,
or causal boundaries, in our universe is a remarkable
consequence of GR. The singularity is behind the event
horizon, and hence has no causal connection to an external observer; he cannot “see” it. It has been conjectured by R. Penrose that this is true for all singularities
that arise in consequence of realistic astrophysical collapse scenarios. (“cosmic censorship hypothesis”).
3. For very large masses the tidal forces at the horizon
are harmless. An observer of human size on the surface of a collapsing star will not notice anything peculiar when the horizon is crossed. Thus the horizon is a
global phenomenon of the spacetime manifold. Note
also the “null surface of last influence” shown in Fig.
2. An external observer who has passed this surface
(moving forward in time) is causally decoupled from the
star before it plunches through the horizon.
4. An external observer far away from the star will see it
reach the horizon only after an infinitely long time. As a
result of the gravitational time dilation, the star “freezes” at the Schwarzschild horizon. However, in practice,
the star will suddenly become invisible, since the redshift of light emitted by the star will start to increase
exponentially, and the luminosity decreases correspondingly. The characteristic time for this to happen is
x + RS /c - 10 -5 (M/M9) s; for M ~ M☉ this is extremely
short. Afterwards, we are dealing with a black hole. It
makes sense to call the horizon the surface of a black
hole, and the external geometry the gravitational field
of the black hole. The interior is not relevant for astrophysics. When observed from a distance, the exterior
field looks exactly like that of any massive object. Its
surface area is 4rR 2S .

Event
horizon
Light
cones

Outgoing
light rays

Time
Space

Ingoing
light rays

Surface of the star at
start of collapse
Figure 5: Spacetime diagram of a collapsing star in Eddington-Finkelstein coordinates. (Matching inner coordinates are not specified.)

Spherically symmetric collapse to a black hole
We now describe qualitatively the spherically symmetric,
catastrophic collapse of a supercritical mass. Since, according to the generalized Birkhoff Theorem, the exterior field is
a region of the Kruskal manifold, the collapse can be vis-

For stars with masses larger than about 11 M☉ nuclear fusion proceeds all the way up to iron. At this point the central
40
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uniqueness statement is now known as the no-hair-theorem.

core runs into an instability and collapses catastrophically.
In more detail the evolution proceeds as follows: In the last
stages of nuclear energy generation an “iron core” of burned
out elements is formed in the central region, which has the
structure of a white dwarf. Around this core of iron-peak elements an onion structure is built up as a result of shell
burning in various shells. The central white dwarf-like region finally becomes unstable due to electron capture and/
or photo-disintegration of the iron-peak elements into a-particles. At this point the core starts to collapse virtually in free
fall. There are now two possibilities.
1. For some mass range, neutron star residues with increasing masses of 1.4 – 2.0 M☉, say, will be left behind
a prompt or delayed supernova explosion.
2. For sufficiently massive stars, the core will, however,
most likely accrete too much mass to be stable and
will then collapse very quickly to a black hole. In this
picture we do not expect a collapse directly to a black
hole. A proto-neutron star is formed first, which accretes
sufficient mass through a stalled shock until it becomes
unstable and undergoes a general relativistic collapse.
It is difficult to say for which mass range of stars this
is going to happen, but we do expect the formation of
black holes for very massive stars. Even though precise numbers are difficult to estimate there are certainly
millions of such stellar mass black holes in our Galaxy.

The proof of this is an outstanding contribution of mathematical physics, and was completed only in the course of
a number of years by various authors (W. Israel, B. Carter, S. Hawking and D. Robinson). A first decisive step was
made by W. Israel (see [8]), who was able to show that a
static black hole solution of Einstein’s vacuum equation has
to be spherically symmetric and, therefore, agree with the
Schwarzschild solution. For a streamlined very readable
text book on the proof of the no-hair-theorem we refer to
[16].
We describe now some important properties of the Kerr
solution. The gravitational field has a whirling contribution.
Stationary observers see an unchanging spacetime geometry. Non-rotating, static observers (relative to ”the fixed
stars”) can only exist outside the static limit shown in Fig.
6. What is technically called a Killing horizon in this figure is
an event horizon. Within the so-called ergosphere nothing
can prevent a rocket (with any power) from rotating about
the black hole.
Visualizing the spacetime geometry is made easier by considering the structure of light cones. We examine this more
closely in the equatorial plane, as indicated in Fig. 7. Each
point in this plane represents an stationary moving light
source. The light signals which have formed shortly after
being emitted from the marked points are shown as circles
in this figure. We note the following facts:
a) Since the four-vector k of stationary orbits is timelike
outside the static limit, the points of emission are inside
the wave fronts.
b) At the static limit k becomes lightlike, and the point of
emission lies thus on the wave front.
c) Inside the ergosphere k is spacelike and hence the
emitting points are outside the wave fronts.

Realistic collapse calculations became possible with the impressive developments of numerical relativity and by continued increase in computer power. This has become a vast
field. For interested readers we recommend the excellent
text book [11].
Stationary black holes, uniqueness theorem
“In my entire scientific life (. . .) the most shattering experience has been the realization that an exact solution
of Einstein’s equations of general relativity, discovered
by the New Zealand mathematician Roy Kerr, provides
the absolutely exact representation of untold numbers
of massive black holes that populate the Universe.”
S. Chandrasekhar (1975)

Ergoregion and the Penrose process
Since k is spacelike inside the ergosphere, it is possible in
principle to extract energy from a black hole, thereby reducing its angular velocity and thus also the size of the ergosphere. Imagine, as a gedankenexperiment, a piece of
matter which falls freely from a large distance into the ergosphere, where it breaks up into two fragments, in such a
way that the first one falls inwards through the horizon. The

All stars rotate more or less rapidly. When a horizon is
formed during gravitational collapse, a Schwarzschild black
hole is thus never produced. One expects, however, that
the horizon will quickly settle down to a stationary state as
a result of the emission of gravitational waves. The geometry of the stationary black hole is not anymore spherically
symmetric.
It is remarkable that we know all stationary black hole solutions of Einstein’s vacuum equations. Surprisingly, they are
fully characterized by just two parameters, namely the mass
and angular momentum of the hole. These quantities can be
determined, in principle, by distant observers.
Thus when matter disappears behind a horizon, an exterior observer sees almost nothing of its individual properties. One can no longer say for example how many baryons
formed the black hole. A huge amount of information is thus
lost. The mass and angular momentum completely determine the external field, which is the celebrated Kerr solution of Einstein’s vacuum equations. This led J. A. Wheeler
to coin the expression “A black hole has no hair”, and the

Killing horizon

Ergosphere
Static limit
Rotation axis
Figure 6: Cross section through the axis of rotation of a Kerr solution.
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ing Reviews of the Albert Einstein Institute in Potsdam [16].
(Together with two other authors this was updated in 2012.)
Another extended article appeared in Physics Reports by M.
S. Volkov and D. V. Gal’tsov [17]. After our research group
dissolved shortly before my retirement, Michael Volkov was
the only one who pursued this field of research.
Unfortunately, non of the discovered solitons and black holes
is presumably of physical relevance. Nevertheless, we enjoyed the work, also from a mathematical point of view.

second fragment can leave the ergosphere and carry away
more energy than the incoming object had.
This process, called Penrose mechanism, could provide
simultaneously permanent solutions to our energy and
waste disposal problems. In this simple version it plays no
role in astrophysics. There are, however, generalized Penrose processes in which the ergosphere plays also a central
role, but involve magneto-hydrodynamic flows of accreting
matter. Numerical simulations in recent years have shown
that in these relativistic jets are naturally formed. For a review and literature see, e.g., [9].

The four laws of black hole dynamics
In principle it is possible to extract an enormous amount of
energy from a rotating black hole, thereby reducing its angular velocity and thus also the size of the ergosphere. The
fraction of rotational energy that can ideally be extracted
is limited by what is called the second law of black hole
dynamics, which implies that the surface of a black hole
cannot decrease. The general form of this area law, formulated later in this section, is in close formal analogy with the
second law of thermodynamics. Not only the second law,
but also the other main laws of thermodynamics have close
analogies in the physics of black holes.
While the formal analogy between these two sets of laws
has been established very early (~ 1973), the question of
whether there is deep physical reason behind this, is still
a matter of debate. A first important step in this direction
was made by S. Hawking’s discovery of thermal radiation by
black holes in a semi-classical approach (quantized matter
fields on a classical black hole background). In this section
we give only an introduction to the classical aspects of the
subject.
The analogue of the zeroth law of thermodynamics – the
constancy of the (absolute) temperature T throughout a
body in thermal equilibrium – is the constancy of the socalled surface gravity, usually denoted by l, over the horizon of a stationary black hole. For the definition of the surface gravity one considers the 4-vector a of acceleration of
a stationary observer and its magnitude Ga, aH. The latter
diverges at the horizon, but for a suitable renormalization
one obtains a finite limit. (A precise definition is given in my
GR-book.) For a Schwarzschild black hole

Black holes with hair
The uniqueness theorem discussed earlier extends to the
coupled Einstein-Maxwell system. For this the stationary
black holes, described by the Kerr-Newman solution, are
characterized by three parameters, namely the two of the
Kerr solution plus the electric charge. On the basis of past
experience and intuition it was generally believed that this
uniqueness theorem should have a natural generalization
to the non-Abelian case, namely that the structure of such
black holes should be determined uniquely by the hole’s
mass, intrinsic angular momentum and the global YangMills (YM) charges defined at spatial infinity. It came, therefore, as a surprise when ”colored black holes” were discovered in 1989 by three groups [12], because they represent
counter examples to the ”no hair conjecture ” just spelled
out. Indeed, these colored black hole solutions are static,
spherically symmetric and have vanishing YM charges. Asymptotically they approach the Schwarzschild solution, but
they have ”Yang-Mills hair”.






l = GM
.
R 2S

Figure 7: Structure of light cones of a Kerr black hole in the equatorial plane.

In thermodynamics the differential of the internal energy U
of a system in thermodynamic equilibrium is given by

Together with Z.-H. Zhou, a Chinese post-doc at the time,
we showed soon afterwards, that these colored black
holes are unstable [13]. Because of this instability we then
searched for black holes of other nonlinear matter models
which would provide counter examples to the generalized
no hair conjecture, but in addition would be stable. As an
interesting example we discovered that the Einstein-Skyrme
system has – for a certain range of coupling constants – indeed such black holes [14] that are also stable [15]. After this
several members of our group in the Institute of Theoretical
Physics at Zürich University (O. Brodbeck, S. Droz, M. Heusler, G. Lavrelashvili, M. S. Volkov and I) worked for several years in varying combinations on related problems, and
encountered a number of surprises. Our contributions are
discussed by M. Heusler in a long invited article for the Liv-

dU = T dS + a ,

(4)

where a is the differential 1-form of the reversible work. A
typical example for a is, in standard notation,
a = - p dV + n dN + f .
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(5)

The combination of these two equations is often called the
first law, although an important part of the second law of
thermodynamics is also integrated (otherwise we cannot
speak of entropy).
In black hole physics, the analogue of the thermodynamic
potential U(S, V, N, . . .) is the total mass as a function of the
surface area A of the horizon, the angular momentum J, the
electric charge Q and perhaps other quantities for certain

Communications de la SSP No. 59

by the famous satellite UHURU, Y. B. Zel’dovich first suggested the possibility that black holes may manifest themselves as compact X-ray sources in close binary systems.
Cygnus X-1, for a long time the solitary example of a black
hole candidate with firm supporting evidence, was located
by UHURU within a few minutes of arc. By 1971 Cygnus
X-1 was linked with a variable radio source which was then
more accurately pin-pointed by radio astronomers in Green
Bank and Holland. It was finally identified with the single-line
spectroscopic binary HDE 226868 by L. Webster, P. Murdin
and C. T. Bolton. Using a large body of observational data,
D. R. Gies and Bolton [18] derived a lower bound for the
mass of the invisible massive compact companion of 7 M☉,
with a preferred value of 16 M☉.
In December 1982, evidence of a massive invisible component in the extragalactic LMC X-3 was found [19]. In 1985,
a third black hole candidate, A0620-00, was identified [20].
To rule out the possibility that the compact companion of
mass MX in a binary system is a neutron star, it is necessary
to show that MX is clearly above about 3 M☉, an upper limit
of neutron star masses. For this it is necessary to establish
a large but safe lower limit for MX. A very useful tool for this
is the optical mass function of the binary system, consisting
of the compact object and a visible star of mass Mopt:

matter models. That A is the “right” choice will become clear
below. For the special case of the Kerr-Newman family one
finds by explicit calculation the remarkable formula for the
differential of M, the so-called first law:
dM = 1 l dA + X H dJ + z H dQ ,
8r

( 6)

where zH is the constant electric potential on the horizon. (A
similar formula holds more generally (see [5], Sect. 8.6.7),
not only for the Kerr-Newman black holes.) The analogy with
dU = T dS - pdV + ndN + f
is striking. This suggests the correspondence T * l and
S * A . Within the classical framework proportionality factors are undetermined. Hawking radiation suggests that one
should associate a temperature and an entropy to a black
hole given by
TH =

' l , S = kB A ,
2rkB c
4G'

(7)

where kB is Boltzmann’s constant. The quantity S is the socalled Bekenstein-Hawking entropy and TH the Hawking
temperature. For this subject we have to refer to the literature. For a Schwarzschild black hole

f (MX , Mopt , i) =

M
'c 3
TH =
= 6.17 # 10 -8 9 K, S . 10 77 kB (M/M9) 2 .
M
8rkB GM

( 8)

where i is the inclination angle of the orbit. Using Kepler’s
third law we obtain alternatively
2
f (MX , Mopt , i) = 4r 2 (aopt sin i) 3 . (9)
GP b

The most general form of the second law is due to Hawking. It states the following:
In any (classical) interaction of matter and radiation with
black holes, the total surface area of the boundaries of these holes (as formed by their horizons) can never decrease.
The limitation to classical interactions means that we do not
consider changes in the quantum theory of matter due to the
presence of the strong external gravitational fields of black
holes. For macroscopic black holes, this is completely justified. If “mini-holes” were to exist, quantum effects, such as
spontaneous (Hawking) radiation, would become important.
As a special example, the second law implies that if two
black holes collide and coalesce to a single black hole, then
the surface area of the resulting black hole is larger than the
sum of the surface of the event horizons of the two original
black holes. If this is applied to the coalescence of two Kerr
black holes one finds that, in principle, a lot of energy can be
released as gravitational radiation.
For comments on the third law we refer again to [5], Sect.
8.6.
It should be stressed that within classical theory the correspondence T * l should be regarded as formal, since the
physical temperature of a black hole is zero. The situation
changes radically in quantum theory, where the physical
temperature is the Hawking temperature TH = ' l .
2rkB c
Observational evidence for black holes
The evidence for black holes in some X-ray binary systems
and for super-massive black holes in galactic centers is still
indirect, but has finally become overwhelming. There is so
far, however, little evidence that these collapsed objects are
described by the Kerr metric.
In 1964, long before the X-ray window was really opened

(MX sin i) 3
,
(MX + Mopt ) 2

Here aopt sin i is the projected semi-major axis of the visible
companion. The radial velocity along the line of sight varies
periodically with an amplitude (often called K)
aopt sin i
Vopt = 2r
,
Pb 1 - e 2

(10)

where e is the eccentricity of the orbit. Inserting this gives
f (MX , Mopt , i) =

Pb
3
(1 - e 2) 3/2 V opt
.
2 rG

(11)

Except for the eccentricity, the right-hand side contains only
directly measurable quantities. The radial velocity curve allows one to determine also e. So f (MX, Mopt, i) is observable,
and this provides a lower limit for the mass MX:
MX $ f (MX , Mopt , i).

(12)

The main observational uncertainty comes from the radial
velocity amplitude Vopt, which can be affected by X-ray heating, tidal distortion, non-synchronous rotation of the companion, and spectral contamination due to the surrounding
gas and disk.
If this lower limit is not good enough it may be possible to
infer a (conservative) lower limit from additional information, for instance when no prominent X-ray eclipses are
observed. However, this introduces as a rule considerable
uncertainties.
At the time of writing more than a dozen X-ray nova with reliable measurements of the mass function, have been found
with f ≥ 3 M☉.
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coordinate r = (3/2)RS , with

Several soft X-ray transients are now known with a mass
function larger than 6 M☉, greatly exceeding the maximum
mass of (even rapidly rotating) neutron stars.

Vmax =

Dec. offset from Sgr A* (arcsec)

Supermassive black holes Sgr A* near the center of the
Milky Way and M87* in the giant elliptical galaxy Messier M87
For a long time the best one could say about the evidence of
super-massive black holes in the centers of some galaxies,
was that it was compelling if dynamical studies and observations of active galactic nuclei were taken together. In the
meantime the situation has improved
SHARP (corr.)
radically.
Most
NACO
(corr.)
0.20
GRAVITY
compelling is the
established dark
mass concentration of about 6×106
0.15
M☉ near the center
of the Milky Way
(Sg A*), whose extension is less than
0.10
5000 R = 400 AU
17 light hours (see
[21]). The least
exotic interpretation of this dense
0.05
dark mass concentration is that
it is a super-masSgrA*
sive black hole.
0.00
In Fig. 8 we show
the orbit of the star
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been detected.
On April 10, 2019, the world learned that observations with
a world wide array of radio telescopes (called Event Horizon
Telescope) has generated horizon-scale images near M87*,
and established an almost spherical shadow around this supermassive black hole with a diameter of - 42 ± 3 μas [27].
This is really a milestone in black hole physics. The exact
form of the boundary of the shadow is not yet well determined, but significant improvements in the coming years are
expected. It is of great interest to test the exact form predicted on the basis of the Kerr solution 2.
It is easy to understand the shadow of Schwarzschild black
holes. (For rotating Kerr black holes this is considerably
more involved.) The radial equation of null-geodesics is derived in all text books on GR. It can be written in the form

Figure 9: Effective potential for radial motion of light.

This analogy helps to understand the qualitative behavior
of null rays as a function of the impact parameter b. For
b = (3/2)RS the orbit of the light ray is an unstable circular
motion with radial coordinate r = 3 RS/2 (where RS is the
Schwarzschild radius), often called the ”photon ring”. For all
impact parameters b < 3 $ (3/2) RS = 2.6RS the incoming
photons disappear inside the horizon at RS. For the converse case b > 3 $ (3/2) RS they reach a minimal radial
r > (3/2)RS (turning point in Fig. 9) and return to the asymptotic region. Thus the boundary of the shadow is a circle
of radial coordinate 3 $ (3/2) RS - 2.6RS (circumference

S

R
ro2 + V (r) = 12 , V (r) = 12 - 3S ,
b
r
r

4 .
27R 2S

(13)

where a dot denotes the derivative with respect to an affine
parameter. This looks like the energy conservation for a particle in the potential V(r) with “energy” 1/b2. The form of V(r)
is shown in Fig. 9. Its maximum is at Schwarzschild’s radial
2 The distance to the galaxy Messier 87 near the center of the Virgo
cluster is 55 million light years. With the present observations the derived
mass of the black hole M87* is 6.5 × 109 M☉.
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Figure 10: Orbits in the equatorial plane, demonstrating the instability of the unique circular orbit at r = (3/2) RS with impact parameter b = 3 $ (3/2) RS . (Figure taken from the classic book by von
Laue; the impact parameter is denoted by ∆, and the units are
chosen with G = c = 1, so RS = 2M.)
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loss of energy and angular momentum carried away by
gravitational radiation. This was shown with high precision
radio observations of a binary pulsar by Hulse and Taylor,
which confirmed that the losses occur at the rates predicted
by GR (Nobel Prize in 1993).
On 11 February 2016 the long expected detection of gravitational waves was announced [22]. A few month earlier, on
14 September 2015 the two LIGO detectors simultaneously
observed a transient gravitational wave signal. An extended
analysis of the recorded strain led to the conclusion that this
is due to the merger of two black holes with masses of about
36 and 29 solar masses, which formed a single black hole
of 62 solar masses. The difference (36 + 29) - 62 = 3 solar
masses was emitted as gravitational radiation. This discovery plus three other similar events, where the last one was
also detected by VIRGO (located nearby Pisa) was the beginning of a new era. For the results published in the original
papers, I refer to the article by Philippe Jetzer in the SPG
Mitteilungen Nr. 53, November 2017, p. 30.
An understanding of how binary black holes coalesce and
the derivation of theoretical gravitational wave-form templates was crucial for the analysis of the data. The early
phase can be determined analytically with post-Newtonian
expansions in v/c, where v is the black hole speed and c
the velocity of light. (Actually, even the lowest order that is
usually treated in GR-lectures works quite well). But the late
inspiral phase – as well as the plunge and merger phase –
require numerical simulations. This has proven to be very
challenging for reasons we cannot discuss here, apart from
the problem of coping with a vast dynamical range: Beside
solving the highly non-linear Einstein vacuum equations
in the rapidly changing strong-field region near the holes,
the small perturbations on the background field must be
extracted in the far-field region. The solution of these and
related problems was an outstanding achievement, by now
described in text books on numerical relativity (for interested
reader I recommend [11]). Fig. 12 shows a typical numerical simulation and the comparison with a post-Newtonian
result, taken from [25]. Existing and future observations will
show whether GR is compatible with the details of phenomena so vastly removed from the physical observations on
which the theory was founded.

16.3 RS). The equation of motion for { is r 2 {o = 1, leading
to the spiral motions shown in Fig.10 3.
For the Kerr metric the shadow is, except for a special orientation, no more circular but nearly so; deviations are not
larger than about 4 %.
In [27] of the EHT collaboration model images from numerical simulations are presented. It is interesting to see what
happens when general relativistic magneto-hydrodynamic
GRMHD) simulations of magnetized accretion flows onto
black holes are processed on the same basis as the observations. Fig. 11 shows an example of a synthetic image 4.
Coalescence of binary black holes and the emission of
gravitational waves
We begin with a few qualitative remarks on the notion of
a gravitational wave. This is an idealized approximate concept, as is the case for wave phenomena in other fields of
physics. By gravitational waves we mean propagating ripples in curvature on scales much smaller than the characteristic scales of the
background spacetime.
A typical example is the
time dependent field
due to an aspheric core
collapse of a massive
star. This produces
outgoing fluctuations
in the gravitational field
outside the star (supernova) on a background
which is approximately described by the
Schwarzschild metric.
A good analogy to this
are water waves as
small ripples rolling on
the ocean’s surface
with its large scale curvature. Clearly, the separation into ripples and
background cannot be
precise, but nearly so,
because of the widely
different length scales
involved.
Close binary systems
of stars are particularly interesting sources Figure 11: Example of an GRMHD
of gravitational waves. simulation and its procession to an
According to GR, the image. The circle indicates the anguorbit of such a system lar resolution of EHT. (From Fig. 4 in
decreases due to the [27]).

0.25
0.2
0.15

rh (M)

0.1
0

−0.05
−0.1
−0.15
−0.2

3 Radiation of hot infalling plasma from the neighborhood of the black
hole (accretion disk) that is emitted inside the shadow region can partially
escape (within a cone around the radial direction that becomes increasingly
narrow for r " RS), but with such high gravitational redshifts that the
shadow appears black. (A special case is the example of radially emitted
light signals from a source close to a black hole to a distant observer [5],
Sect.4.7.5.)
4 The appearance of a Schwarzschild black hole embedded in a
geometrically thin, optically thick accretion disk for a distant observer was
first investigated by P. Luminet in 1979 [24].
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Figure 12: Gravitational strain waveforms from the merger of
equal-mass Schwarzschild black holes. The solid curve is the waveform from a numerical simulation, and the dashed curve is a
post-Newtonian waveform. Time t = 0 is the moment of peak radiation amplitude in the simulation. From [26].
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I conclude with speculative remarks about the possible
existence of primordial black holes. If primordial perturbations during a very early radiation dominated phase of the
universe were sufficiently large some of them would have
collapsed under their own gravity, forming black holes. This
idea was first introduced by Zel’dovich and Novikov in 1966,
and has in recent years been studied in detail. There is the
possibility that at least a fraction of the mysterious Dark Matter is composed of primordial black holes. The most straightforward way to distinguish between stellar and primordial
origins of binary black hole mergers is to detect one involving a black hole with a mass smaller than the Chandrasekhar limit of 1.4 M☉. Perhaps this will become possible with
the advanced LIGO-VIRGO detectors. This would obviously
be of great interest.
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Final remarks
Black holes belong to the most fascinating objects physicists have encountered, initially mainly in theory after GR
was developed. Decades later it became increasingly clear
that they play a central, often dominant role in the real universe. Recently, astronomers were even able to take first
photos from a very massive black hole near the center of
the giant galaxy Messier M87. Taken all together, most astrophysicists do not worry anymore about possible remaining doubts concerning the existence of black holes. The evidence for (stellar and super-massive) black holes is now so
overwhelming that we can pass the burden of proof against
them to the few remaining hard-core skeptics.
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